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LETTER TO THE EDITOR

Quantum inverse problem for the Ablowitz—Ladik open chain

A Roy Chowdhury and N Dasgupta

High Energy Physics Division, Department of Physms, Jadavpur University, Calcutta
700032, India

Received 23 February 1993

Abstract. The integrable nonlinear discrete system of Ablowitz-Ladik is investigated from
the viewpoint of the quantum inverse scattering transform with non-trivial boundary
conditions at the two ends. A new type of quantum R-matrix is obtained, which has been
used to set up the algebraic Bethe ansatz equations. The asymptotic R-matrices R (as X,
or y+00} are similar to the non-standard solution of the Yang-Baxter equation.

Integrable systems are usually classified in two groups—continuous and discrete. In
both situations the existence of a Lax pair is essential, from which one can start either
with classical or gquantum inverse scattering to study the properties of the nonlinear
systems. In this respect the classical (#) and quantum (R) matrices have an important
roleto play [1]. Already several types of solutions of classical and quantum Yang-Baxter
equations have been obtained which correspond to different discrete and continuous
models [2]. Here in this letter we have developed the quantum inverse scattering
method for the discrete hierarchy of Ablowitz and Ladik {3]. In this process, new types
of r- and R-matrices are obtained. The R-matrix is then used to set up the algebraic
Bethe ansatz equation for the construction of the excited states of the model. Inciden-
tally, we do not use the usual periodic boundary conditions but, rather, non-trivial
different boundary conditions at the two ends, following the formalism of Sklyanin
[4]. The asymptotic R-matrices R. as A or u-> =00 are seen to be very similar to the
non-standard solutions of the quantum Yang-Baxter equation [5].
The discrete integrable equations of Ablowitz and Ladik can be written as

aR,
= -1)

a8 (1)
; =i(l= 8.8 (£R¥£R})

which is obtained as a reduced set of four coupled equations for (R,, S, T,, Q,) under
R,=FQ¥ and 8§, =T%. This is dctually a generalization of the discrete NLs model
discussed by Kulish. However, our following consideration is valid for the whole
hierarchy generated by equation (2), which can be written in terms of four discrete
time-dependent variables (R,, S., Q,, T,,). The Lax pair associated with this set is
written as

U= L,U,
where

—1
Ln=(p,,v,,)-‘*’2(z+R”S" @tz S") @)

R+ZT, Z7'+Q.T,
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with w,=1—-Q.R, and »,=1-5.T,. The classical Poisson structure associated with
equation (1) was discussed by Kako and Mugibayashi [6]. For any two arbitrary
functionals F and G of the field variables (Q,, R,, S, and T,,) the Poisson bracket is
written as [6]

{F,G}=(VF,7VG}

_ 5 [ (aF 3G OF aG)+p(_a_§_tﬁ“aF aG)] 3)
T 2o 1"\30, 3R, 3R, 3Q,)  "\a8, oT. oT, a8,/ 1

It can be easily observed that system I(Z) is a direct generalization of the discrete
nonlinear Schrodinger equation discussed earlier by Kulish [7]. Our first observation
is that the Poisson brackets between the elements of the matrix L (Z) can be written as

{L(8), & LD} =[r(¢ 2), L(HSNIB®L(Z)] (4)
where the classical r(A, ») matrix is of the following form:
IS S : o
2 coth(A — )
0 . e-(u\—#-) 0
2 amoew
r(A, p) = RESTD Sink(A= ) (5)
0 — i 0
2sinh(A—p) 2
1
L 0 0 0 " 2coth(A-p) |

where we have set £=¢** and Z =e**, Once we have determined the classical r-matrix
it is not difficult to obtain its quantum counterpart. For this we will have to solve the
equation )

R(z, )LY(Z)LX (&) = L&) LY(Z)R(2, £) (6}
where the Poisson brackets

{Qu; Ra}=(1-QuR.) S0

{Sn, Tt =(1-8,T,) S

(7

are to be interpreted as commutators with # multiplied.

To solve equation (6) we pick out coefficients of different combinations of e;® e,
where ¢; denotes the standard matrix with ‘" only at the intersection of ith row and
jth column, and rearrange the nonlinear variable Q,, R, etc, following equation (7).
Actually, we use

[Qn: Rm] = ﬁ(l - Qan)Snm
[Sn: Tm] = ﬁ(l - SnTm)Snm-
Consider the coefficient of e,,® ¢,; in equation (6), which gives

nLiAz) L (&) = Rngz(f}Lu(z) + RﬁLu(f)le(z)— ‘ (8
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Collecting coefficients of Q,, S,, and Q.R,S,, we get
RY(§—z)=—R3h&
#
Ri=RE ©)
Ru(f“z) = Ru[f_z(l +4)].

Similarly, from the coefficient of &,;® e, we get

RﬂLu(Z)Iaz(f) + Rng(Z)Lu(f) = R:la;.Lzz(f)Lfﬂz) + Rﬂsz(é:)Ln(z) (10)
from terms which are independent of nonlinear fields,
Rii=¢R% (11)

and from the terms, which are coefficient of Q,R, we get
(1+ﬁ)R;§(§—1) =R!'A. (12)

Lastly, from the coefficient of e;;®e,, we obtain
R¥z= R3¢+ Rz , (13)

Equations (9) and (11)-(13) are sufficient to extract information on the matrix elements
of R. Using the new variables (1+#%=¢"", z=¢™, £=¢*) we at once arrive at the
quantum R-matrix given below:

1 0 0 0

e” sinh(A—pn) e *sinhy

R= Sinilf;\—.-y.-f- r) Siil,l(,,\_u-}.r) . (14
e " sinh ¥ e 7 sin{A—pu)

sinh(A—pu+r) sinh(A—p+7y)

0 0 0 1

It may be added that there are more equations coming from coefficients of other
e; @ ey;. We have checked explicitly that they are all satisfied.

As an important property we mention that his R-matrix has the desired property
that, as #—>0,

sinh(A — g+ )
sinh(A — )
r being given in equation (5).
The quantum R-matrix determined above has the distinct feature that it has far
less symmetry than those determined for other cases. To classify it further we note

some of its properties below:
(i} Unitarity,

Rus(u)Ray(—u)=1 (15)

where I stands for the unit matrix and PR, {(¥)P,=R,,.
(ii} prsymmetry,

Pi2R () Py = Ry (16}

R=1—#r

where Py, is a permutation operator.



L5386 Letter to the Editor

(iii} Crossing unitarity,
sinh{u-+2v) sinh u

4 y - S Z -1_
Riy(u) MR (—u—2y)}(M) sinhz(u+y)

e 0
u=(% )
0 e
and the superscripts t; and t; denote, respectively, transpose in the first and second
spaces.
Now, for a discrete system with open ends the non-trivial boundary conditions are

usually determined by two matrices. K_ and K, to be determined by the Sklyanin
equations,

(17)

where

Rys(u— 0)K(u) Ry (u+ v— 1) E_(0) = (V) Rip(u+ 0~ DK_(u)Ru(u—0). (18

However, due to the asymmetric nature of R, K, is to be obtained from a different
condition involving the matrix M:

Rya(—u+ 0) KH(u)(M) ™ Roy(—1 — 0 —29) MK(v)

' 1 1
= K'3(0) MRy 1 — v —27) (M) K3(8) Ros(~ = v) (19)
whence K, and K_ turn out to be diagonal matrices determined as
e—2u+§+ 0 e2u+7 0
P GO P G a0

The quantum inverse problem now requires the setting up of commutation rules for
the scattering data via the R-matrix, taking into consideration the requirement of an
open chain. The Sklyanin-type commutation relations can be written as

Ryt = 0) T(w) Ry (u+ v — r) T(0) = T*(0) Ryg(at+ 0 — ) T(16) Ryt — v) (21)
where T represents the scattering data written as
A B
T= . 22
(2 1) 2)

However, for the diagonalization of the algebraic Bethe ansatz it is convenient to define
a different combination of the basic scattering data through the adjoint. For that we note
0 0 0 0

. 0 —_n7 ¥ 0
R'{(A—p=—v)=ginh y © ©

0 ¥ —™ 0 @)
0 0 0 0
where R'(A—p)=R(A—p)sinh{A —p+v), and
0 O 0 0
-1 0 —&¥ e 0
12 i (24)

=e”’+e"’ 0 e:’_’ —-e 7 0
0 0 0 0



Letter to the Editor - L587

obey the condition
(P ;2)2= Py

so that it is a projection operator. Thus we set

T(u) = (e” +e~7) tr, P U(u) M- R 32 (21) (25)

which defines the adjoint of the scattering data T. Let us designate the elements of
as (A, B, C and D). It immediately follows that

D(u) e™"sinh 2u A(u) e sinh 'y)
sinh{u+y) sinh{u+ y)

f(u)= e"’( (26)
It is now straightforward but laborious to deduce from equations (17) and (22) the
following commutation rules:

_sinh(u+v—y) sinh(v—u+7)

A(u)B(v) = sinh{u + v) sinh{u — v}

B(v)A{u)

lak el H

e sinh v sinh(Zv -+ )
sinh 2v sinh(u+2v)

B(u)D(v)

e” ™" sinh y sinh(2v — ¥}
sinh(u—v) sinh 20

B(u)A(v) 27

along with .
sinh{u — v+ v) sinh(u+0v+y)
sinh{u —v) sinh(u+ )
e“"’sinh y sinh(20— )
sinh{u + v) sinh 2o

D(u)B(v)= B(v)D(u)

B(u)A(v)

e""” sinh y sinh(2v + ) .
sinh 2v sinh{u — v) B(u)D()- (?3)

The conserved quantities are given as
Tr Ko (u) T () = t{u) ) (29)

which can be used as the Hamiltonian of the system. Using equation (22) we obtain

1
i - 2utat+y o=y .
{u) Sohou {e sinh 2u+e® ¥ sinh y)A(u)

2utx—y

+— sinh(2u + y)D(u). (30)
sinh 2u

Now from the basic commutation relations we can infer that a vacuum state exists
which has the property ’

R,|0)=T,[0)=0 (31)

whence the multiparticle excitation is constructed by repeated applicétion of B(A;) on
[0y, that js,

|y = B(A)B(A2) - .. B(A)I0) (32)
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and
A(u)[0) = ax(20)[0} D(u)|0y = d(u)|0).

Now, following the vsual procedure we determine the eigenvalue equation for the
n-particle state to be

a(A;) —2a, sinh(2A,+ ) Ay(u, A;)

—_——=p

d(i;) Sif,lh(?-'\f =) Ax(w, A;)

= sinh(A; —A;+ ¥) sinbh(A;+A;+ )
FeE Sinh(/\., - I\.J — 7) Sinh(l\., +I‘.J. _‘-’y)

(33)

where A, A, are defined as follows:
Ay(n, A,) =™ sinh(u— A, )o(u) +e* sinh(u+A;)7(u)
As(u, A)=e™" sinh(u+A;)o(u)+e” sinh(u —A;)n(u)
where

1
sinh 2z

1
sinh 2u

o(u)=

(82u+a+y Sinh 2u +Sluh 'y)

e

n(u)= 7Y sinh(2u + v).

In contrast, the eigenvalue of the nth excited state is given as

_ " sinh{u4-A; — ) sinh(u — A, — v}
Ey=olu) .'1:[1 sinh(u+ A,) sinh{z— ;)

2 ginh{u—A;+ ) sinh{u =+ A, + v)

*tu) :1;[1 sinh{u — A;) sinh(u + ;)

(34)

So, in the above analysis we have shown how it is possible to develop an analogue of
the algebraic Bethe ansatz for the Ablowitz-Ladik-type open chain via the quantum
R-matrix formalism. It is now intriguing to observe that this R-matrix in the limit of
either A or p->co defines a constant solution of the Yang-Baxter equation, which is
very similar to the non-standard braid group-type solutions discussed recently.

As A=cc, we find from equation (9) R+ R, which is equal to

1 0 0 0
0 1 0 0

R.= 0 1—e™ e gF (33)
0 0 ¢ 1

It is interesting to mote that the abave form of R, is similar to the non-standard
solution of the quantum Yang-Baxter equation. In a future communication we will
discuss the quantum group generated by such R-matrices.

Lastly, we note the R-matrix given in equation (14) can also be obtained as a
symmetry-breaking transformation of the usual six-vertex model in the sense of
Akutsu-Deguchi-Wadati [8].

One of the authors (ND) is gratefuil to CSIR for an SRF grant.
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